
OT3b1B 

ocp1u1,naJibHOro onnoHeHTa Ha '°'HccepTaI.1,1uo 

BopylllHJioaa l(oHCTa.HTHHa CepreeaHqa Ha TeM)' 

"HnaapHaHTbl )I(op'°'aBa-KpoHeKepa KOHeqHOMepHblX aJire6p JI1tl'', 

npe'°'CTa.BJieBHYJ0 Ha C0HCKalUie yqeHOH CTeIIeHH 

KaB'°'H'°'aTa Q)J,13HKO-MaTeMaTJ-PieCKHX HayK 

no cnen,HaJibHOCTH 1.1.3 (01.01.04) - "reoMeTpHH H TOilOJIOr1u1" 

B pa6oTe I<.C. Bopyunu10aa nccne,rryIOTC51 irnaap11a11TbI )Kop,n,ar1a-KpoueKepa an­

re6p JIM. 9To 1,maap11aI-1Tbl napbl 6uJIHHeHHbIX cpop:-.,1 Li c;kx, H L1 c;kai, r,n,e c;k -

CTpyKTyp1-1b1e KOHcTaHTbI anre6pbr Jh1, a xi, ai - napa o6J..I.I.ero noJIO)KeHH51. 1'hrnapH­

a11Tb1 )Kop,n,aHa-KponeKepa aJire6pbr JIH 6hIJIM aae,n,eHhI A. B. BoncHHOBbIM H Pumei 

Zhang n ax pa6oTe 2012 ro,n,a. 

Hec~tOTpH Ha npOCTOTY onpe,n,enenIDI 3THX HHBapHaHTOB, OHJ.f ace elll,e )l,OCTaToq110 

MaJIO H3)'\.Jellbl H )l,0 tte,n,aBHero apeMeHH He 6bIJIH Il0C'lfHTaIIbI )l,a)I<e )l,JI5l Il0JiynpHMbIX 

cyMNJ g + Vk' OTBe\.JaI0IU,HX cy:-..1Me CTaH,n,apTHbIX npe,n,cTaBJieHHH npOCTblX anre6p JIH. 

B ,n,11ccepTa1vn1 K. C. BopymHJioaa 6b1JI aocnonneu 3T0T rrpo6en. 

,lJ,HccepTaU,HH COCTOHT H3 BBe,n,eHIUI, IIHTII rJiaB, 3aKJIIOqeHH5l H CIIHCKa JIIITepaTypbI, 

DKJll0\.Ja1ow,ero 30 HaHMeII0BaI-rnH. O6I.lliHM ofrbeM )l,HCCepTaIJ,HH COCTaBJI.HeT 97 CTpaHHU, . 

• Bo BBe,n,e1rnu o6ocHOBbIBaeTC5l aKTYaJibH0CTb pa60ThI, OITHChIBaeTCH CTpyKTypa 

pa60TbI H ¢opMyn11pyIOTCH 0CH0BHbie pe3yJibTaTbI. 

• B rJiaBe 1 BB0)l,HTCH 0CH0BHbie onpe,n,ene1nu1, CB513aHHbie C anre6pa~n1 JIM H Teo­

p11eti HHBapHaHT0B )Kop,n,ana-KpoHeKepa. 

• B rnaae 2 BhPiHCJieHhI HHBapHaHThI )Kop,n,aua-KpotteKepa ,n,mr nonyopR)1ofl cp1-

MhI so(n) + (JRn)k H sp(n) + (JRn)k no cTaH,n,apTH0MY rrpe,n,cTaBJieHH10 ,II,JIR ncex 

3HaqeHHH n 11 k; 

• B rnane 3 Bb1qnCJieHh1 HHBapHaHTbI )Kop,n,aHa-KpoHeKepa )].Jl5l nonynp51).I0H cy~1-

Mhr sl ( n) + (I~n) k 11 gl ( n) + (JRn) k ITO CTaH,n,apTHOMY npe,n,CTaBJieIDI10 ,n,mr BCex 

3HaqeHRM n 11 k, Kp0i\ 11e cnyqaea k < n H n He KpaTH0 k; 

• B rnaae 4 BhP-tHCJieHhI HHBap11aHThI )Kop,n,aHa-KpoHeKepa ,n,JIR 6openeBCKHX no­

,n,anre6p Bso(n) H Bsp(n) )l.JI5l acex B03M0)KHhIX n. 

• B rJiaBe 5 Hai1,n,eHhI II0JIHhie Ha6opbl Il0JIHH0MHaJibHhIX q>yHKll,HH. a 6HHHBOJIIOII.JH[ 

)].JIH acex ce~•rnMepHbIX HHJihnoTeHTHhIX anre6p JIH n3 cnwcKa tvl.-P. Gong. 

Pe3)'JihTaThI K.C. BopyIU11JI0Ba npo a.nre6pbr JI11 sl(n) + (~ 11)k H gl(n) + (JRn/ 
oco6eHHO HHTepeCHbl - HM 6bIJ1l1 Rati,]].ellhl np1n1epbl c~1ernaHHblX IIRBapnaHT0B, )].Jl5l 

K0T0pbIX He rrpHMeIH[MbI BCe pauee 113BeCTHbie cnoco6bl TI0CTp0eHII5l non1-1oro na6opa 

B 6HHHBOJIIOU.lH1. 

HeKOTOpbre 3a:,.,iet.J:aII11H I< pa6oTe: 

1. B ,n,wccepTaU.HH yKa3aHb£ He nee pa60Th1, CB513aHtthie c HnnapHaHTaMM )Kop,n,aHa­

KpotteKepa. TaK)Ke M0)K}IO 6h1JI0 yKa3aTh pa6oTbI A. fapa)Ka, a K0T0pbIX )].JlH 

np0CTbIX aJire6p JIH Bb[\.JHCJl5IIOTC.H MHBapHaHTbl )Kop,n.ana-KpotteKepa )].Jl5l nap 

x, a, r,n,e a - npoH3B0JibHaH, a x - o6w;ero noJI0)Kemu1. 
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2. )],orry111.eHb1 onet.raTKH npH orr11ca1nn1 mrnap11anToo )Kop.n,a1-1a-KpoueKepa )Vl5l 

neKOT0pb!X a.Jire6p JI11. H1,01<e np1me.n,eHbl npaBl1Jlbflble OTBeTbI: 

(a) Anre6pb1 Jlu sp(n) + (JRn)k. TipH k = 2l -1, l ~ m a.Jire6pa Jli-1 HMeeT I<poHe­

Kepos THTI, JI KpOHeKepOBbl Illl.D,eKCbI paBHbl 

2, ... , 2, 2k + 1, ... , n + k. 
~ 

k(k-1) 
2 

To eCTb OTBeT TIOXO)K 11a CJTyt.JaH so( n), HO OTJTJ,[l.JaeTC5l HeKOTOpbIMH 3HaKa~Hi 

Ji t.JeTllOCTbIO t.JHCeJT. B .D,HCCepTaU,JUI Het.JeTHhie Jil·I.D,eKCbI IIOt.JeMy-TO HeBepHO 

Hat.Jrma10Tc.H c k ( k - 1) + 1. OrretiaTKW - Ha CTp. 6 w 23. 

(b) Anre6pb1 JI11 cepHH sl( n) + ('Rn )k B cny-qae k > n HMeIOT KponeKepoB TJim. 

vl1map11a1-ITaMH )Kop,n,ar-ra-KpoHeKepa .HBJTHroTcH 

• kn - l ind g 6noKoB pa3Mepa 2l + 1, 

• ( l + 1) ind g - kn 6noKOB pa3Mepa 2l - 1. 

B .n,11ccepTau,1n1 1-1eaepHb1e I<0JIH'-leCTBa H pa3Meph1 6noKOB. Orret.JaTKH - 1-1a 

CTp. 6 H 39. 

(c) Anre6pbI JIH cepH11 gl(n) + (JRn)k B cnyt.rae k > n HMeroT KponeKepoB THII. 

MnaapwaHTaMH )Kop,n,aHa-KpoHeKepa 51BJI51I0TC5l 

• kn - l ind g 6noKOB pa3Mepa 2l + 1, 

• ( l + 1) ind g - kn 6noKOB pa3Mepa 2l - 1. 

B ,n,11ccepTau,1n1 HeBepnbre K0JT1P-1ecTBa H pa3MepbI 6JIOKOB. Orre'-laTKH - Ha 

CTp. 7 J,J 39. 

)],JISI mo6ow a.rrre6pb1 J1H g KHBap1-1aHThI )Kop,n,aHa-KpoHeKepa 06513am,1 y,n.oBJie­

TB0p.HTb CJie,nyI0I.U.HM CB0~CTBaM: 

(a) Kon:i,11:rncTBO KpoHeKepoBhIX 6noKOB paaHo ind g. 

(b) CyMMa pa3MepoB acex 6noKOB paaHa dim g. 

'YKa3aHHbie B ,l(HCCepTaU,Hli HeaepHbie OTBeTbl He y,n.oBJieTBOpillOT 3Til).1 CBOH­

CTBaM. 

3. Bb16paH Hey,n.a'-IIIbii11 cnoco6 YI<a3aHHH pa3MepoB }K0p.n,aH0BbIX 6JIOKOB. pa3~1epb1 

)K0p.n,aI·IOBbIX 6JIOKOB ,U.0JI)KHbl 6bITb crpynnupoBaHhI no co6CTBeHllhl'.\I 3Ha'-leHn­

SI.M. B ,l(HCCepTaU,HH np0CT0 YKa3hIBaIOTC.H pa3~Iepbl )K0p,n.aH0BbIX 6JIOKOB. 

fiot.1eMy HY.iKH0 rpynrn1ponaTh >Kop.n,auonb1 6JI01u1? Hanp11~i1ep, 3T0 He o.n,no u 

TO )Ke - Kor,n.a r, )K0p.n,aH0BblX 2 X 2 6JIOKOB lHlteI0T 0.D,R0 II TO )Ke co6cTBeHHOe 

3IIaLJeHHe, H I<Or,n.a y HHX y acex pa31Ible co6CTBCllllbie 3Ha'-leHB5l. B II0CJie.D,He~1 

cnyt1ae co6CTBenm,ie <PYJII<I.I,HH 6y,n.yT o6pa30BhIBaTb Ha6op B 6nHHBOJ1IOU,llll. A B 

rrepaoM cnyqae - TaKoro ua6opa neT, 6y,n,eT T0JibK0 o~a co6CTBenna51 cpyHKI.J.H51. 

B .n,»ccepTaU,HH .D,JI5I ceMHMepIIbIX a;1re6p .TT11 He YI<a3aH0 - )l,J15l KaKHX )K0p.n,aHo­

BblX 6JIOI<OB C0Bna.n,aIOT co6CTBeHI1bte 3IIattCHIUI. ,ll.JHI 0CTa.JlbliblX a.Jire6p Jiu 3Ta 

1n1cpopMau,1irn co.n,ep)KHTC51 n TeopeMax a fnaaax 21 3 u 4. O.n,HaKo ao ane.n,e1rnu 

npH 0fIHCaH1 1IH 0CJL0BHbIX pe3yJibTaT0B ua CTp. 6-7 3Ta HHq:>OpMaU.H5I Tep5leTC5l. 
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4. B ,a;ucccpTau.111r He .n.enaeTC51 0TJlIPUlrr :-.re>KAY aew.ecTBeIIHbl~I J[ K0MITJleKCHbl:'\1 

cnyqae:-.1. Tipo6ne:-.1a D T0:\1, '-ITO TeopeMa )Kop.n.aua-KponeKepa Bbm0nHena Ha,LI, 

Mre6pau'-1ecK11 3a.,1KHYThn1 none:-.1. 

)J.n51 Bew.ecTBellHblX l.fHCeJI eCTb ananorH'-llla.sI TeopeMa. OTJIII'-llfe BeI.U,eCTBeH11oro 

OT K0MDJieKcnoro CJTy'-laSI TaI<0e >Ke, KaK )l)Hl TeopeMbl 0 )1<0p,ll.aHOB011 II0pMaJib­

H0fi q)OpMe - B Beu:r.ecTBeun0M Cny'-rae B03HHI<al0T OBew.ecTBJreUHbie )I<0p,a;arIOBbI 

61101<11, B K0T0pbIX K0~mJJeKCHbte '-IIICJia 3a,LI.aHbl MaTpIIu,aMtt 2 X 2: 

A E E 

0 A 0 
E 

E 

A,= A E 
-A B, = 

-E 
-E -A 

0 
-E 0 

-E -A -E 

r,!(e A=(; II E = -/1) (1 
a 0 n 

• flp11 KO:VmJieKCMCpHKaU.HM anre6pbl J111 BCe 6JIOKII H3 TeopeMbl )Kop,a;aHa­

KponeKepa KOMTIJieKcucpm.1,11py10TC51. fu pa3Mepb1 II KOJJI,t'-leCTBO He Mel:151-

IOTCH . 

• flp11 0Bem,eCTBJieHmJ anre6pb1 J1u ll3 HeK0T0pbIX nap >K0p,a;aII0BblX 6JIOKOB 

MoryT B03Hl1KHYTb aeu:r.eCTBeHHbie >I<0p,LI.aH0Bbl 6JIOK11. B 0CTaJrbH0M K0JIH­

qecTB0 n pa3MepbI 6JIOKOB He MeHSIIOTCH. 

B .n.uccepTa1.1,1n1 paccMaTp1-ma10Tc.H Bew.ecTBeHttbre npoCTbie anre6pbr J1H. ABT0-

:-.,1aT1-1'-1ec1n1 )l,0Ka3ali anaJior11qHblJ1 OTBeT 8 KOMilJJeKCH0:'\1 CJI)"Iae. By,a;eT JllI ,lI,JUI 

APYfHX aem,eCTBeHHbIX cpop~l npoCThIX anre6p Jlu ( a CJiyqasrx, K0r,a;a eCTb >K0p­

,a;aH0BbI 6JIOI<II) TaK0H' )Ke 0TBeT - 0TKpblTbIII B0npoc. 

TaK)l<e 0Ti\•IeTHM, qTo a r11aae 4 ,lI.JUI Bso(2k) H Bso(2k + 1) B Kal:leCTae cKa-

nnpnoro np0113ne,!(eann 6epeTC>I airTH,!(uaro11anbean MaTpHIJ,a (i ..-1 
)- 3TO ne 

eBKJIH,D.OBO, a rrcea.n.oeBKJI.H,ll.OBO CKa.TI51pHoe npOH3Be,LI.eHue. B aer.u.ecTBeHHO:\tl CJiy­

qae anre6pbl 6y,ll.}'T so(p, q), a He so(n). IT03TOMy pe3yJlhTaT, BR,ll.HM0, Hy>KH0 

rroarrMaTh tta.n, C. 

5. Orre'-laTKH B Ta6JIHII_e ,D.1151 HeK0T0pblX 7-MepHb[X a11re6p J11-1: 

(a) Anrc6pa 2357A: ,ll.0JDKH0 6bITb X2,X,1,X5,X5,X7 BMeCT0 X3,X4,X5,X5,X7. 

(b) A.rrre6pb112457G, 124571, 12457J 1112457N: .n.011>1<1-10 6btTh x 4,x 5,x 6,x 7 B1'1e­

CTO X3,X4,XG,X7. 

(c) Anre6pbI JIH 23457C, nponyw.eH HH,LI.eKC 8 ½x 2 (.n.omKHO 6bITb X4). 

(d) AJire6pb1 JI.11 12357B, ne onycTHJI HH,LI.eKc .i:5. 

6. He,n.OC'-IHTaI-IbI HIIBap11aHTbI ,ll.JlSI a.nre6p J1u sl(n)+(IR'~)k n gl(n)+(IR 11)k Kor,n.a 

k < n H n f: kl. 

3 



(a) ,[lnH KponeKepoob1x a.nre6p .nu, ecn11 1moap11aHTbI ne3aDIICIIMbI, 11 cy~1~1a 1rx 

CTCneneti paoHa dim g;io<l 0, TO llX CTeneIrn paBilbl 11II,U.CKCa;\J t<poneKepOBblX 

6110Koo ( C11e,u.cT011e 1, cTp. 16). 

0TCIOAa ~!bl Ile;\teAJJCHIIO IlOJTy'lrae~r OTBeT B O,U.110;\I 113 11epa306pa11IlblX cny­

'l(aea: 

TEOPEMA 1. Pacc.Monip'U.A-t a.11,2e6py flu sl( n) + (JRn )\ 6 CJl,y'\tae k < n, 

n = kq + r, r = 1 UJtU k - 1. 

Hnaapua1-£mbl )l(opoaua l(poueKepa - :>mo k Kpo1te1eepoB'btX 61wK06 c UH­

ae1eca.M.u 
dim g + ind g ( q + 1) ( n + r) 

= 
2ind g 2 

)],eHCTBHTeJTbIIO, n1map11aHTbI npecTaBJieHH51 H3BCCTHbI (pa.3,u.en 3.1.4, CTp. 

36) - 3TO onpeAenHTenH ;\JaTpHU, BH,U.a 

(LI YTL .... ' ()/T)q-lL, (YT)ql (YT)ql ) i11•••1 lr I 

r)l.e l,1) ... 'l,r - Ka1<11e-TO 7' Pa3JTJ,{'lfJibIX CTOJT6U,OB MaTpHU,hl L. Ecnu r = 0, 1 
IIJIU r = k - 1, TO 01111 He3aBHCJ1Mbl, HHa'lJe OHH CTaHOB5ITC51 3aBHCHMbl:\iHI, H 

Mbl ne MO)KeM TaK rrpOCTO nonyt.rnTb OTBeT. )],JTH gl( n) 3TH cpyHKU.WII 6y,u.yT 

no.rry1urnap11a11TaM11. 

(b) 3aMeTI-t:M, 'lfTO npn k < n ,11,nR sl(n) + (JRn)k 11 gl(n) + (JRn)k B pa3o6paHHbIX 

CJiy'lfa51X KpOHeKepOBbl HH)l.eKCbl OTJl),l'lJaIOTCSI He 6onee qe'.\,t Ha 1. IIporn.e 

dim g + indg .. 
rOBOpSI) HII,11,eKCbl 6JIOKOB cyTb . I OKpyrneHI-IOe ,ll,O 60JThmero HJTH 

21ndg 
MellbIIIero a_enoro. l\llo>KHO BbICKa3aTb 06my10 rHil0Te3y. 

r11nOTE3A 1. AA2e6p'bt flu sl( n) + (!Rn/ u gl( n) + (JRn )k npu k < n u 

n ¢ 0 mod k KpOHe-x:epOB'bL, u ux -x:poHe-x:epOB'bL U'H.ae-x:c'bt QffiJl,U'lta10mc.R. 'H.e 

6oAee 'lteM 'H.a 1. 

7. B pa6oTe npHCyTCToy10T HeTOt.IHOCTH ~ oneqaT101. HarrpuMep, anre6pa Jlw sp(n) 

J1UOr)l.a o603Ha'tiaeTCH KaK sp(2n). HaH60JlbIIIaSI KOHIJ.eHTpau,H51 one't{aTOK - Ha 

CTp. 23: 

( a) loe npe,11,no>Kett11e. IIeperryTaHbI H 11 £: CKa3aHo, '-ITO li n hi. - cTon6u,b1 H 
n L COOTBeTCTBeHHO. 

(b) B cpop~1yne (2.2) B MaTp1n.r.e ,n,oIDKao 6bITh .,yy x- 1 + V (3IIaK nn1oc, a He 

MI-myc), a HJDKe )l.OJT>KHO 6bITb \Jli = WLTX-l (i'v1aTpHu,a °Vil, a He V). 

( c) cDopMyna (2.3) 11 MaTpwu.a Bb1me, HenpaBHJibHbre 3HaKH y V·. 

Bee 3TH 3aMe'lJarrn.H 1-1ecym.ecTaetmb1, ,u.onyrr.r.et111b1e onel.JaTKII nerKo 11crrpaanH10TCSI, 

H 11e BJT.HIOT Ha 06ury10 fIOJTO)KHTeJTbHYIO ou,eHKY pa60TbJ. 

OcHOBHbie Pe3YJibTaTb1 ;1_11ccepTaU,HR ony6JTl1KOBaHbl B 4 CTaTb5IX B peu,e113HpyeMbIX 

ttayl.JHbIX >Kypuanax, BXO,U.HIII.HX B 6a.3hI ,11,a1rnbrx Scopus, RSCI 11 \i\Teb of Science. IIy6-

nuKau,i:m YAOBJTeTBOpHIOT nyHKT)' 2.3 IIoJIO)KellH5l O npucy>I(AeIDll{ ytteHbIX CTenenef1 

13 .tv1ocKOBCKOM rocy,u.apcTaefIHOM YHHBepCHTeTe HMeHH M. B. Jl0Mo11ocoaa. AaTope­

cpepaT TO"'[,UIO U IIOJTHO OTpa>KaeT co,11,ep>Ka1nre ,11,11ccepTaUJ1l1. Pe3yJihTaTbl ,U.HCCepTaU,HH 
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npOWJHI anpo6au.1110 rra Me>K,IzyHapO,lI,HblX 11ayt.IHbfX KOH<pepeHUHHX H BeA)'I.LI.UX pOCCHH­

CKHX ce~nmapax. 

,lJ,11ccepTau,1rn co,n.epiKWT peme1rne 3a,o,at.r, Ba>KHhIX .n.1rn CHMIIJJeI<TUt.rec1<ow H nyac­

co11oao11 reoMeTpHH, Teopua rpyrrrr H aJITe6p Jiu, a TaK>Ke B npKJIO)KeIHI.HX B 3a)J,a'-laX 

MexaHHKH H MaTeMaTHt.JeCKOR Cpl13HKH. ,IJ,uccepTaU,HJl COOTBeTCTByeT Kp11Tep1UIM, onpe­

)].eJieIIHblM nrr. 2.1-2.5 "IT0JIO)Ke1u1e O npucy>K,LI,eHHH yt.JeHbIX CTerrene.tt B MocKOBCI<OM 

rocy,n.apCTBeIIHOM )'HHBepCHTeTe HMeHM lVI.B. JloMOHOCOBa", H ocpopMJieHa corJiaCHO 

N2 5, 6 "ITono>1<eu.IDI o .n.11ccepTau,HOIJHOM coaeTe MocKoacKoro rocy,n.apcTBeH11oro yu11-

nepc11TeTa HMe1n1 lVI.B. JloMonocoaa". AaTop )].HccepTaI.Q1H Bopyun1non KottcTaHTHH 

CepreeBHlJ 3aCJiy>KIIBaeT npncy>K,LI,en11e eMy HCKOMOW CTerretrn KaII,LI.H,LI,aTa cpH3Hl{O­

MaTeMaTJ11.JeCKHX HayK no crreu,HaJibHOCTH 1.1.3 (01.01.04) - reoMeTp.IHI 11 TOITOJIOrJUI. 

KaH)J.H,LT,aT cpu3~rKO-MaTeMaTHt:JeCKMX nayK w~ Ko3JIOB Iil. K. 

i) 


